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Abstract 

We examine conservation of the £7(7) Noether-Gaillard-Zumino current in the presence of N=8 
supergravity counterterms using the momentum space hclicity formalism, which significantly sim- 
plifies the calculations. The main result is that the 4-point counterterms at any loop order L are 
forbidden by the £7(7) current conservation identity. We also clarify the relation between linearized 
and full non-linear supcrinvariants as candidate counterterms. This enables us to show that all 
n-point counterterms at L = 7, 8 are forbidden since they provide a non-linear completions of the 
4-point ones. This supports and exemplifies our general proof in arXiv:1103.4115 of perturbative 
UV finiteness of N=8 supergravity. 
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1 Introduction 



It has been shown in [TJ[2] that N=8 [3] perturbative supergravity is UV finitely The argument in pQ 
is based on the properties of the light-cone superspace and helicity formalism method. The claim is 
that the candidate countertenors^ in the real and chiral light-cone superspaces are incompatible and 
therefore do not support the UV divergences, if the theory is anomaly-free. In particular, this argument 
relies on the equivalence between light-cone and Lorentz covariant computations in perturbative N=8 
supergravity. 

In [2j a more recent analysis of UV divergences was performed in the Lorentz covariant setting. 
Two related proofs were proposed. 

The first Lorentz covariant proof in [2] is based on an observation of the uniqueness of the Lorentz 
and SU(8) covariant, £7(7) invariant unitarity constraint expressing the 56-dimensional £7(7) doublet 
via 28 independent vectors, in agreement with the coset space geometry. It was shown in [6] that 

in N=8 supergravity the non-linear £7(7) symmetry is non-anomalous to all orders, which supports 
the unitarity argument in [2]. 

The second Lorentz covariant proof is based on a suggestion in [2] that the £7(7) symmetry of 
N=8 supergravity has to be viewed in the context of continuos global symmetry which requires the 
Noether-Gaillard-Zumino current conservation [7], [8]. This requirement is necessary for the £7(7) 
symmetry of a complete theory; it is significantly stronger than the previously used condition that 
the counterterms have to be invariant under £7(7) symmetry. The non-linear candidate counterterms, 
invariant under classical £7(7) symmetry have been constructed long time ago in [9j[10], using the 
on shell covariant superspace Their existence was the basic reason to abandon perturbative 

N=8 supergravity. However, the £7(7) current conservation, deformed by candidate counterterms, was 
not studied in N=8 supergravity until recently. In [2] we studied £7(7) current conservation in the 
coordinate space, in this paper we study it in momentum space, using helicity formalism. 

Meanwhile the 3-loop UV divergence in N=8 supergravity, supported by the candidate linearized 

counterterm in [10], was shown to be absent by explicit computations in [12]. One of the explanation 

is due to £7(7) symmetry [13]. The argument in [13] about £7(7) forbidding the 3-loop UV divergence 

in N=8 supergravity was specific for the 3-loop case only. However, the candidate counterterms have 

been constructed in higher loops not only in superspace 0[TU] but also using the helicity amplitude 

1 We refer the reader to a recent discussion of perturbative and non-perturbative aspects of N=8 supergravity in [3]. 
2 At present on shell light-cone counterterms have not been constructed in the real light-cone superspace [5]. 
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methods at the linearized level in [14], [T] and in full generality in [15j . 

The £7(7) current conservation studied in [2] explains the absence of the 3- loop divergence discovered 
in |12j . but it also applies to higher loops. The proposal of [2] is that one has to check if the N=8 
supergravity action, deformed by counterterm actions, 

S = S d + S CT , (1.1) 

still has £7(7) symmetry. Namely, given the action which depends on 28 vectors F^ , one defines the 
dual field strength as a derivative of the deformed action 

&VU ^^U- (1-2) 

The 56-component E 7 ^ doublet (F IJ , Gjj) consists of 28 original vectors fields F = dA and 28 dual 
vector fields G = dB. The dual field strength is a functional of the original ones and scalars, 

G = G(F, 4>) . (1.3) 

This relation, which we call unitarity constraint and describe in detail in eqs. (5.4) and (5.8) in [2], 
does not admit deformations consistent with global £7(7) and local Lorentz and SU(8) symmetries. 
This relation provides the first general Lorentz covariant proof of perturbative finiteness. 

The second Lorentz covariant proof in [2], related to the first one, is based on E 7 ^ current conser- 
vation identity 



a\d^\(3} = (1.4) 



Here (a\ and \/3) are physical states of the theory. € £7(7) is the Noether-Gaillard-Zumino current 
H) 0) [S]- It has 133-components in the fundamental 56-dimensional representation given by 

GE, m = ( A " KL E " P0 ) . (1.5) 

The non-trivial part comes from the 70-component vector dependent part of the Noether-Gaillard- 
Zumino current = Jj JKL B IJKL sandwiched between physical states containing vectors. In such 
case 

(a v \d^\p v ) = (a v \G^B IJKL G^KL\^) = (1.6) 

Here (a v \ and \/3 v ) are physical states containing vectors. The 70 real parameters B are related to the 
one in the (| 1 . 5|) as follows [8] 

B = ImA + ImS (1.7) 
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Their role in £7(7) duality is to mix Bianchi identities d^F^ uIJ = with equations of motion d fl G l ^ L = 
0. 

A d^ vIJ = B IJKL d„G^ L (1.8) 

These are off-diagonal terms in the Sp(56) embedding of the £7(7) performed in [8] , and therefore they 
play non-trivial role in testing the effect of deformation of supergravity action by the counterterms. 

In [2] the explicit computation of the expression in the left hand side of (jl.6p was performed for the 
3-loop counterterm |10yi6| and it was shown to contradict the right hand side of the identity, unless 
there is no 3-loop divergence. Here we will first switch to momentum space and helicity formalism, 
which makes the explicit computation of L-loop contributions to £7(7) identity manageable. We will 
show how it works for the 3-loop case and proceed with the 4-point L-loop case. The insertion 
of functionals of Mandelstam variables for increasing dimension of the 4-point counterterms allows 
a complete classification of all possible independent 4-point L-loop counterterms, using the results 
in |17j for the low-energy expansion of the superstring amplitudes. This leads to a statement that all 
loop L, 4-point counterterms violate the £7(7) current conservation. It is based on the fact that the 
number of independent insertions of Mandelstam variables is discrete and finite whereas the identity 
has to be valid at continuous values of Mandelstam variables. 

To study the n > 4 case we compare the non-linear as well as linear counterterms in superspace 
[1,9.10] with the linear ones derived in [15]. We explain the difference between linearized and geometric 
superfields. In particular we have to use the fact that the linearized scalar superfield Wijki(x,6) has 
dimension zero and any power of it, W n , still has dimension zero. Therefore the linearized superfield 
actions, with manifest global supersymmetry, are easy to construct in superspace for the n-point 
amplitudes. The corresponding superinvariants are given in a symbolic form as 

^-'HD^D^^D^yfa^x^y (1.9) 

and include all possible SU(8) invariant combinations of scalar superfields and its supercovariant 
derivatives sprinkled over the superfields in an arbitrary way. For the n-point L-loop linearized 
superinvariants 

a + b + c , 
L = 7+ (1.10) 

For example, we explain the linearized superspace origin of counterterms in [15] which have N 6 MHV 
16-point contribution at L = 7 and N 5 MHV 14-point contribution at L = 8. 

It is important, however, that the geometric superinvariants which have non-linear exact local 
supersymmetry can be constructed only using the geometric superfields, torsion and curvature. The 
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smallest dimension torsion is a gaugini superfield Xaijk which has dimension 1/2. At the 7 and 8 
loop level only the superinvariants which start with the 4-point amplitudes are allowed by dimension. 
These are ruled out by £7(7) identity as we show in the first part of the paper. Therefore for L = 7, 8 
we can give a detailed explanation why £7(7) current conservation forbids all n-point counterterms. 

Thus, here we provide an explicit set of examples of the Lorentz covariant proof of UV finiteness 
of N=8 supergravity [2] explaining in details how the candidate counterterms break £7(7) current 
conservation. 



2 £7(7) current conservation identity 

The £7(7) symmetry of the deformed action requires that the deformed equations of motion d^G^ u = 
transform into Bianchi identity d^F^ = as follows 

A ~ = II ~ (21) 




I \ C D I \ df.G^ 



It requires the dual field strength G(F, eft) to transform according to £7(7) symmetry, so that 

(2.2) 





Here A, B, C, D are real global infinitesimal parameters of £7(7) embedded into Sp(56). Note that the 
vectors have a homogeneous transformation under £7(7), whereas the scalars start with the inhomo- 
geneous term. 

&-4>ukl = ^ijkl + ••• (2.3) 

where B = Im £ + .... Most of the studies of £7(7) symmetry of N=8 supergravity were associated 
with the soft momentum limits of scalars. Here we take advantage of the action of £7(7) symmetry on 
vectors. 

In presence of counterterms G^ v = Gq U + G^ consists of the classical part Go and deformation 
G caused by the deformation of the action by the counterterms Sct- The corresponding Noether- 
Gaillard-Zumino [7] identity was given in [2] in the form 

^ J d A x(d{x)BG{x)) =0, where 6 = 2^ (2.4) 

and B is an off-diagonal part of the £7(7) transformations in (|2.2|) . mixing Bianchi identities with 
deformed equations of motion. 



Note that once the equations of motion for deformed supergravity are solved, d^G^ v = 0, the dual 
potential is available, G^ v = d^B u — 9„£> M . The vector part of the S-component of the NGZ current [7J 
is given by 

Jg(x) = X -& V B B v , dpJ${x) = G^BGfa, (2.5) 
The split of the current into the classical part and the deformed part corresponds to 

d^{x) = dpj&ix) + d^{x) = G^BG^ = & IV BG, W (2.6) 

since according to (|2.4p the terms 

G^BG^ + IG^BGT (2.7) 

do not contribute to the identity. The term Gq U BG^ u o is part of the classical £7(7) current conserva- 
tion. The term Gq U BG^ U = 2Gq U B S fp T vanishes for deformation due to the counterterms invariant 
under classical £7(7) symmetry. This is quite different from Born-Infeld type non-linear dualities [7J 
where higher order in F terms are compensating order by order and where the corresponding term 
Gvf ' BG^ V does not vanish. 



3 3-loop 4-point case in momentum space 

Here we re-derive the effect of the 3-loop counterterm on £7(7) identity presented in [2]. Instead of 
x-space we use momentum p-space here and helicity formalism. This simplifies the derivation and 
also allows to generalize it to higher loops. We start by writing the gravity- vector part of the 3-loop 
counter term in momentum-space in a symbolic form without indices as 

=x3k4 / n d v^(E^)^ i)aFfe) ^ (p3) ^ (p4) - (3 - i} 

i=l 

Here R, F etc. are general multi-spinor functions, not yet written in terms of the \ a (p), and the pi 
are general 4- vectors, not yet null. This can be considered as an off-shell extension of the term in |16j 
in eq. 

S'ZT^ = X3 K " J d ' x F&$ij d " ld&& F ?/ R «W ■ ( 3 - 2 ) 

To test the effect of the 3-loop counterterm on £7(7) identity we need to compute the dual field 
strength defined by the variation of the action over F. We will now perform this variation in the 

f o3loop 

momentum space. We take - £ jp — to obtain 

~ 3 3 

G(p) = x 3 k 4 / J] d 4 Pt 5(p + J2Pi)R(Pi)ddF(p 2 )R(p 3 ). (3.3) 

•* i=l i=l 



Now we form the integral 

B IJKL J d^G^M Gf L (p) = (*a ^fB IJKL X IJKL , (3.4) 
which corresponds to space-time expression 

B IJKL J d*xG. piJ {x)Gf L (x) (3.5) 
which we need for the £7(7) current conservation in the form: 

B IJKL [ d A x(G. BI] G%{ - h.c.) = - —. . [ d 4 x d^{x) = . (3.6) 



Now we put on shell the multi-spinor forms of R, F, R, see [18j and [16] for details 



F a pu(p) « F al3ij (p) => \ a { P )Xp{p)A IJ (p) (3.7) 

with A[j(p) =>■ Ajj(p)5(p 2 ) with p a null 4-vector. Do the same for R and R 

Ra^&ip) A Q (p)A /3 (p)A 7 (p)A (5 (p)/i(p) , RafasiP) => Xa(p)\p(p)\j(p)\g(p)h(p) . (3.8) 

and assume that the sum p\ +P2+P3 is also a null vector. The purpose of this restriction to (^-functions 
of null pi is to work in a limit in which there are no off-shell corrections to the counter term. 

Finally we may perform the integral over the 7 momenta p and pi,P2,P3 for the first G and Pa,P5,Pg 
for the second G in (|3.4p and get a non-zero result. There is one <5-function left which imposes the 
overall conservation constraint, 5(J2i=iPi)- We find using (|3.7p . (|3.8j) and <9 77 =>■ p 77 => A 7 A 7 : 

- 6 6 
XlJKL ~ / H<^W(Pi) S ( s 12 + s 13 + S23) S(s 65 + g 64 + S 5 <j)5 A (y2Pi) 

8=1 1 = 1 

/ l (p 1 )/ l (p 6 )A /J (p 2 )^ L (p 5 )/ l (p3)/i(P4)[16] 2 [12] 2 [65] 2 (45) 4 (23) 4 (3.9) 



The conjugate term, the second one in (|3.4p will depend on A and will not contribute to derivative 
over A(p). Therefore there is only one term in this sector of the NGZ identity and it does not vanish 
unless X3 = 0. 

We may interpret the expressions above as follows: we compute the value of the operator Xjjkl(Q) 
between physical states of 4 gravitons and two vectors -A/jfe) and Akl{%) 



(0\d fl J»(0)\p 1 ,p 2 ,p 3 ,p 4 ,p 5 ,p 6 ) = 4 k 8 [16] 2 [12] 2 [65] 2 (45) 4 (23} 4 (3.10) 



<5 4 y Pi) * s a consequence of the fact that the operator J^(0) does not carry away any momenta. 
For all 6 particles 5{pf) is a condition of the physical state and S12 + S13 + S23 = and 565 + 564 + 554 = 
restrictions for each of the 3 particles follow from the fact that the vector F(p) in the procedure of 
derivation of the dual field strength G had null momenta. The matrix element of this operator does 
not vanish and therefore the E 7 ^ current conservation identity in the form (j3.4j) is not satisfied unless 
x 3 = 0. 
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4 L-loop 4-point case 



4.1 Higher order polynomials of Mandelstam variables 

Green and Vanhove have established the structure of the 4-point type II superstring tree amplitude 
in [17] , We will use the corresponding relation for the analysis of the N=8 supergravity counterterms. 
In terms of Mandelstam variables we define two linearly independent dimensionless functionals of 

s, t, u 

I 2 = ( K Y(s 2 + t 2 + u 2 ) I 3 = (K 2 f(s 3 + t 3 + u 3 ) (4.1) 

where 

s + t + u = 0, s 3 + t 3 + u 3 = 3stu (4.2) 

Any higher order polynomial Ik = K 2k (s k + t k + u k ) can be expressed as a functional of powers of I 2 
and ^3 

2p+3q=k 

At the L-loop level we need the insertion of Ik into the 3-loop counterterm R 4 + where k = L — 3. 

The number of kinematical structures I appearing at each order D 2k (R 4 -\-...) is given by the number 
of ways k decomposes as the sum of a multiple of 2 and a multiple of 3, k = 2p + 3(/ (so that /f^f 
corresponds to the order s k R 4 . 

This means that there is the following pattern 

L = 7 p = 2 q = 0, (I 2 f 

L = 8 p=l q = l, hh 

L = 9 p=3 q = 0, (/ 2 ) 3 ; p=0 q = 2, (I 3 ) 2 

L=W p = 2 q=l, I 2 h 



L=ll p = A q = 0, 4; p=l q = 2, I 2 {I 3 ) 2 etc (4.4) 



4.2 7- loop 

The linearized 4-point counterterm differs from the 3-loop one by the insertion of the (s 4 + i 4 + it 4 ) 
polynomial, see eq. (4.28) in [T5]. In 2 graviton- 2- vector sector this means 

r 4 

S H°^ R2 = x rK 12 / Hd 4 p l 8^p t )R(p 1 )dF(p 2 )R(p 3 )dF(p,)(s 4 + t 4 + u 4 ) . (4.5) 

•* i=l 



Here we have one insertion in the counterterm, (I2) 2 • Therefore the contribution of the 7- loop CT to 
NGZ identity is 

6 6 

<; 7 r 8 ' ' 



OCrr Ki 



/ n^V^lPi) 6(si2 + Sl3 + S23) S(s 65 + S 64 + S54) 5 A ( ^ Pi 
J i=\ i=l 

Hp 1 )Hp 6 )A IJ (p 2 )A K Up 5 )Hp 3 )h(p 4 )[16} 2 [12}^ (4.6) 



where 



/ 2 123 = K\s\ 2 + Si, + 4,) , J| 54 = K 4 ( S ^ 5 + fi 2 4 + ^ 

There is only one term which does not vanish, therefore it is required that x-j = 0. 
The relation to the current conservation is, as before 

(0\d^(0)\ Pl ,p 2 ,p 3 , PA , P5 , P6 ) = x 2 7 k 8 [16] 2 [12] 2 [65] 2 (45) 4 (23} 4 (/ 2 123 ) 2 (/ 2 456 ) 2 (4.8) 

and the restrictions S12 + S13 + S23 = and sq^ + «64 + S54 = apply. The matrix element of this 
operator does not vanish and therefore the £7(7) current conservation identity is not satisfied unless 
x 7 = 0. 

4.3 8-loop 

Here we have one insertion in the counterterm, a product, I2 ^3. In the identity we have to insert one 
combination 

/ 2 123 / 3 123 / 2 654 / 3 654 (4.9) 

As in the previous case we have a unique insertion. There is only one term which does not vanish, 
therefore it is required that xs = 0. 

4.4 9-loop 

The insertion into the 4-point counterterm has two linearly independent structures 

(I 2 f + a(hf (4.10) 

where a is an arbitrary constant parameter. In the center of mass system these two expressions 
correspond to the independent polynomials in cos#. In the identity the insertion is 

(I 2 123 ) 3 + a(/ 3 123 ) 2 l [(/| 54 ) 3 + a(/ 3 654 ) 2 l (4.11) 
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Can we make a choice of one constant a which will make the contribution to the identity of the 9- loop 
counterterm vanishing? We have a quadratic equation: 

«Vs 123 ) VI 54 ) 2 + «(U! 23 ) 2 U 2 654 ) 3 + Uf 4 ) 2 U 2 123 ) 3 ) + U 2 123 ) 3 ^ 654 ) 3 = (4.12) 
The solution of this equation for a is a functional of momenta, there is no solution for constant a. 

4.5 L-loop 

In the L-loop 4-point case we will have some finite number of constants a\, a,\. 

r 4 

sL d i°Z {9F) 2 R 2 = X L^I Ud 4 p i 5( y Y / Pi)R(Pi)dF(p2)R(P3)dF(p 4 )(J + aiJi + ...a, J,) . (4.13) 

i=i 

Here Ji are dimensionless polynomials of the type n 2 ( L ~ 3 ) p 2 ( L ~ 3 ) and I is the number of independent 
ones, according to (|4.3[) . The dual field strength is 

. 3 3 

G(p) = x l k 4 I ]Jd i p l 5(p + Y / P l )R(Pi)ddF(p 2 )R(p 3 )(J + ai J 1 + ...a l J i y (4.14) 

i=l i=l 

This provides the left hand side of the current conservation identity 

<0|d M J"(0)|pi,p2,P3,P4,P5,P6> =x\k* [16] 2 [12] 2 [65] 2 (45) 4 (23) 4 (j +a 1 J 1 +...a / J / )(A'o+aii^i+...a i ^) 

(4.15) 

where Ji, i = 0, I depend on s±2, s\s, S23 and Ki, i = 0, I depend on sq$, sq 4 , S54 and the restric- 
tions s±2 + S13 + S23 = and S65 + «64 + S54 = apply. For this to vanish we have to require that for 
all pi, ...,P6 consistent with constraints, the following is true 

(j Q + a x Ji + ...a/ J;) (k + a x K x + ...a x K^ = (4.16) 

The constraints require each of the 6 momenta are null and both combination of 3 momenta have a 
vanishing s + t + u. These constraints are not so strong as to require all Ji and Ki to be constants. 
Therefore eq. (|4.16|) has no solutions for any finite number I of constants «j . The current conservation 
identity is violated unless xl for the L-loop 4-point counterterm vanishes. 

5 Non-linear versus linear counterterms 

Generic non-linear L-loop counterterms [9l[T0] in the on-shell superspace [11] have the following form 
K 2(L-i) j ^ xd ^0BevEC2 T (T^ L (x,9),R PQKL (x,9)^ . (5.1) 
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Here Ber E is the super-determinant and T^ L (x, 9) and Rpqkl(x, 0) are the components of the super- 
space torsion and superspace curvature, respectively. The lowest dimension superfield describing the 
superspace torsion starts with gaugino x?jk an d has dimension ^. The Bianchi identities have been 
solved in the superspace |11| and they turned out to be equivalent to non-linear classical equations of 
motion for superfields. Superspace torsion and curvature live in the tangent space: this means that 
they transform under Lorentz transformations and under SU(8) transformations. Each torsion and 
curvature is invariant under curved superspace transformations: general covariance, non-linear local 
supersymmetry and £7(7) symmetry. 

All geometric torsions and curvatures in superspace are non-linear functions of the following su- 
perfields: fermion superfields of dimension 1/2 , Xaijk, > an d of dimension 3/2 , i^a^i, ^ ) \^ an d 
their derivatives D a ^. The bosonic superfields have dimension 1, F a pij, F*7 and P^j^, P a p an( A 
dimension 2 , Rap^s, R^^g, and their derivatives. These are our building blocks. 

The mass dimension of the L-loop counterterm Cqt in superspace is computes as follows: [k 2( - L-1 )] = 
-2(L - 1), [d A x] = -4, [d 32 9] = +16 so that 

[C2 T (x, 6)} = 2(L - 1) - 16 + 4 = 2(L - 7) (5.2) 

It is important that the scalar superfield Wijki(x,9) = 4>ijki(x) + ... which starts with the scalar su- 
perfield and is dimensionless, does not belong to the superspace geometry. Effectively this means that 
only derivatives of the scalars enter in linearized form of the non-linear counterterms in agreement 
with linearized £7(7) symmetry. At the non-linear level only the superfield P a pijki(x,9) an d its conju- 
gate, which are both SU(8) tensors and £7(7) invariants, may appear in the counterterms. It is worth 
reminding here that the scalar part of the classical action is given by 

C scalar (x) = P^P^l {x) (53) 



where P g- k i(x) = d g4>ijki(x) + ... is an infinite power series in scalars forming the coset space 



7(7) 

5(7(8)' 



-^7(7) 
SU(8) 

£ s c f alar (x) = TrlD^VV^D^VV- 1 ) (5.4) 



Using the vielbein structure of 



where the vielbein V transforms under the local SU(8) from the left and under and global £7(7) from 
the right 

V' = U^VE- 1 (5.5) 
Under the linearized £7(7) symmetry the dimensional scalar field transforms 

5E 7(7) 4>ijki(x) = Eijki , [<f>ijkl] = (5.6) 
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Under the exact £7(7) symmetry the geometric superfields are invariant, in particular 

= X§ fc , 1x5*1 = 1/2, P U 3 ki = P a^kn [P a $ ijk i\ = h etc (5.7) 

They all have positive dimension which explains why the number of non-linear invariants at every loop 
level is limited, whereas the number of linearized invariants at a given loop level is infinite. 

It may be instructive to present here the non-linear local supersymmetry transformation of gaugini 
which is 

$susyXaijk(x) = F a/3jk ] (x) + e /3l P a ^ ijkl (x) (5.8) 

As explained above, P^i^iix) = d a R ( f > ijkl( x ) + ■■■ is an infinite power series in scalars forming the coset 
space g^jTg-j since P is a part of an SU (8) covariant 1-form (DV)V~ 1 . In the linear approximation only 
the first term of the 1-form P remains which is a basis for linearized supersymmetry of the amplitudes. 
But there is an infinite number of terms in the non-linear supersymmetry (|5.8|) which is taken care by 
geometric methods. In particular, in the superspace the fermionic derivatives of the gaugini superfield 
are 

D l f3Xaijk(x,0) = ^ l [iF a f}ki](x,0) , D^Xaijk(x,0) = P a p ijkl (x,0) (5.9) 

Using the recent advances in computing amplitudes in the helicity formalism the linearized form of 
all these counterterms was constructed and analyzed recently in |15J . The purpose here is to compare 
the information obtained in both methods, in [THUCED] anc ^ * n l^l - 

In both cases, in superspace as well as in amplitude structures one can clearly see the proliferation 
of counterterms with increasing number of loops and legs. A simple explanation of this proliferation 
of the candidate UV divergences is: in superspace with more loops and more legs more scalars can be 
build from torsions of curvatures. 



5.1 L = 7,n>4 

The case L = 7 is special. The Lagrangian must have dimension zero since 

[tf T ] = 2(L - 7) = (5.10) 

It cannot depend on torsions and/or curvatures, which always have positive dimension. Therefore the 
full non-linear structure of the counterterm is unique and given by the superspace volume 

S% T = x 7 k 12 [d A xd 32 6Be?E (5.11) 
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It is not clear if it exists^ since for N=2 supergravity the volume of the superspace / d 4 xd 8 9BevE has 
been proven to vanish [19] . We may now expand this expression to present the linearized form of each 
n-point amplitude. 

S? t = x 7 k 12 J d i x<P 2 e[Wt m + Wt jkl + ...W% kl + ...] (5.12) 

Here WPj kl is the symbolic expression for the SU(8) invariants constructed from n superfields Wij k i- 
No derivatives in x or direction are permitted since they will raise the dimension of [Lj T ] which has 
to vanish. 

If, however, we are interested only in linear super symmetry, we may consider the following infinite 
number of linearized superinvariants 

gCTiin = K n J d 4 x ^[a^Wtm + ^Wf jkl + ...a n W? jkl + ...] (5.13) 

The coefficients a n are arbitrary and independent since each term in (|5. 13[) has only linear supersym- 
metry, whereas (|5.11[) has a non-linear one. 

Let us compare the properties of the linearized counterterms with n-points which follow from (|5,13p 
with those discussed in [15]. For example, for n > 8 there are no pure graviton amplitudes as one can 
see by dimensional reason since S = k 12 J d 4 xR n for n > 8 has positive dimension. In superspace the 
scalar superfield depends on curvature as follows 

W ~ 6 A R + 6 dR + ... , W n ~ (9 4 R + 9 d dR + ...) n (5.14) 

For n > 8 we have 6 4n R n + which vanishes at n > 8. 

The 4-point 7-loop CT was argued to be absent to comply with the £^7(7) NGZ identity [2]. Since 
the n-point amplitudes with n > 4 are defined by the same unique expression in (|5.12p . it means that 
all n > 4 UV divergences at 7-loop must be absent. 

Another way to see the same is to apply the argument in [1] and in |15j that all L = 7, n > 4 
linearized CT's violate linearized £7(7). Either way, we conclude that 7-loop level is predicted to be 
clear from UV divergences according to £7(7) current conservation. 

5.2 L = 8,n>4 

The counterterm which at the linear level has 4-point terms is given by (|5.ip where [9|I10] 

= Z8 X % k Xamnl xT V,r stu [C^] = 2(8 - 7) = 2 (5.15) 

3 In view of our current analysis of £7(7) current conservation it does not matter, this candidate counterterm will not 
support the 7-loop UV divergence. 
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It is a product of 4 super-torsions (each has dimension 1/2) and X % i kmnl vqrstu is some numerical SU (8) 
tensor which provides an SU(8) invariant combination of the 4 SU(8) gaugini's. This counterterm is 
non-linear, it has an infinite amount of higher point terms, n-point amplitudes, which complete the 
linearized 4-point expression. But all of them come with the same x$ as the 4-point part of it. There are 
no other non-linear invariants at the 8 loop level since adding derivatives or more torsions/curvatures 
will raise dimension above 2. 

So, what is the relation between the statement above that at the 8-loop there is a unique 4-point 
operator whose nonlinear corrections produce all n > 4 point matrix elements, and statement in |15j 
that there are many n > 4 linearized invariants? 

The crucial point here is that for linear level supersymmetric invariants we may use a dimensionless 
superfield Wij k i(x,6). Any power ofW has dimension zero! Therefore we may have many linearized 
invariants of the form 

S CTUn =K uj d ^ x d^ 6 D 2 [a i W^ kl + a 5 Wi' :jkl + ...a n W t n jkl + ...] (5.16) 

Here D 2 can be replaced by 4 spinorial derivatives, D^D^ and one should keep in mind that the 
derivatives may act at any of the superfields. Each a n is independent since we only require linear 
supersymmetry from each CT. 

However, to build the non-linear invariant we are allowed to use only geometric superfields with the 
minimal dimension 1/2. This allows according to (|5.15p only 4 gaugini's. Any other combination of 
n > 4 geometric superfields will have dimension > 2 in contradiction with [£g T ] = 2(8 — 7) = 2. 

It is interesting to see some cases, for example, using (|5.14j) 

gCTiin = K i4 ag J d 4 x d ^eD 2 Wf jkl ~ K 14 a G j d 4 x D 6 R 6 + ... (5.17) 

gCTlin = K 14 ag j ^ ^2^2^ „ ^ J ^ jj2 R 8 + (5 Jg) 

We may also give here examples from the rhs part of the Table I in the second reference in [15] 

S^ Tlm = K 12 a l6 J d 4 x d 32 9Wlf kl ~ K 12 a l6 J d 4 x <t> 8 R 8 + ... (5.19) 

and 

s CTlin = K 14 fli4 j d A x „ J ^ ^ R S + (5 _ 2Q) 

The non-linear supersymmetry does not allow to use the dimensionless W, only geometric ones with 
dimension > 1/2 are allowed. This explains the uniqueness of the non- linear L=8 CT in (|5,15p and 
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that there are many n > 4 linearized invariants in [15] as well as in the linearized superspace as shown 
in (I5TT6D . 

We have explained the relation between the linearized counterterms in Table I in [15] and superspace 
ones, including the entries on the extreme right hand side of this Table. The major difference between 
the linearized counterterms in Table I in [15] and the complete non-linear ones in [9l[T0] is the level 
of supersymmetry: in [15] the supersymmetry is global, it relates at the linear level the amplitudes of 
particles which belong to the same supermultiplet. The supersymmetry in [5|I1U| is local non-linear, it 
is much more restricted, since it requires an infinite number of terms for completion. This is achieved 
in superspace which is controlled by the non-linear coset space geometry. In particular, it rules 

out all linear superinvariants, as counterterms, for L = 7, 8, as we have shown above. 



6 Discussion 

In this paper we gave important explicit examples of the general Lorentz covariant proof in [2] of the 
UV finiteness of perturbative N=8 supergravity. Whereas in [2] we used the superfields and coordinate 
space, in this paper we use the helicity formalism in the momentum space, which allows to make some 
details of our general approach more transparent. 

In particular, we tested the £7(7) current conservation identity in the form (12. 4j) for the deformed 
N=8 supergravity where the candidate counterterms are added to the classical action. Using the he- 
licity formalism in the momentum space we computed the contribution of the 4-point 3-loop candidate 
counterterms to this identity The contribution to a dual field strength in a sector of the theory with 
2-gravitons and 2 vectors is given by a simple in momentum space unique expression in (|3.3|) . As the 
result, the current conservation identity for the 3-loop case acquires a simple form shown in eq. ()3.10p . 
The left hand side does not vanish unless X3 = and there is no 3-loop UV divergence. 

Computing the higher loop order L contribution to the 4-point amplitudes requires an insertion into 
an £7(7) identity of various powers of the higher order polynomials (s k + t k + u k ) where k = L — 3, see 
eq. (I4.15p . The number of independent polynomials is given by the number of ways L — 3 decomposes 
as the sum of a multiple of 2 and a multiple of 3, L — 3 = 2p + 3q, as shown in |17j . This number, 
however, is discrete, and cannot help to solve the equation f|4. 16j) which has to be valid at continuous 
values of the Mandelstam variables Sij. Therefore all L-loop 4-point candidate counterterms in (|4,13D 
violate £7(7) current conservation and do not support the corresponding UV divergences. £"7(7) current 
conservation requires xl = 0. 
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In case of L = 7, 8 where complete non-linear candidate counterterms are unique and denned by 
their 4-point parts [9 ,10 , the current conservation identity forbids all ?i-point candidate counterterms. 
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